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Abstract

We propose a consumption-based model that allows for an inverted term structure of
real and nominal risk-free rates. In our framework the agent is subject to time-varying
macroeconomic risk and interest rates at all maturities depend on her risk perception
which shape saving propensities over time. In bad times, when risk is perceived to be
higher in the short- than the long-term, the agent would prefer to hedge against low
realizations of consumption in the near future by investing in long-term securities.
This determines, in equilibrium, the inversion of the yield curve. Pricing time-varying
consumption volatility risk is essential for obtaining the inversion of the real curve
and allows to price the average level and slope of the nominal one.

JEL classification: G12.
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Non Technical Summary

In this paper we explain how uncertainty over the economic outlook has effects on the
term structure of interest rates, i.e. on interest rates on government bonds at different ma-
turities, through the consumption and saving choices of agents. In particular, we provide
one explanation for the inversion of the term structure, that happens when interest rates
on short-term bonds are above those on long-term ones. We claim that the variation in
uncertainty of economic agents is one of the drivers of the inversion and we provide a
theoretical model to explain the main transmission channels. As far as we know, there is
no other paper providing the theoretical background to this phenomenon for the driver

we have in mind.

In normal times, when the outlook of an economy is expected to improve over time, in-
terest rates on its debt are increasing with the maturity (i.e. the term structure is upward-
sloping): investors require a premium to buy longer-term securities because they re-
nounce to the possible extra-returns obtained by buying short-term bonds and to roll
their positions over at maturity. However, taking the United States as a reference econ-
omy and looking at the time series of interest rates, the inversion of the term structure

cannot be considered a rare event.

Interest rates on government bonds reflect the combination of many factors, i.e. growth
and inflation expectations, as well as the risk perceived around those expectations. While
variations in the stance of monetary policy inducing changes in short-term inflation ex-
pectations are usually considered as the only responsible of the inversion, we show that
another driver is also at place and should be considered by researchers and policymakers.
Indeed, the term structure of interest rates on government inflation-protected securities
has also inverted in the last 10 years, suggesting a role for the real component. More-
over, the empirical evidence shows that variations in market volatility are correlated to
changes in the slope of the term structure of interest rates: in particular, inversions in the
term structure of interest rates and in the term structure of market volatility (a proxy for

short- and long-term economic uncertainty) have been synchronized in the past years.

We describe the effect of uncertainty on interest rates in a consumption-based asset
pricing model. In our model, a representative agent has utility over one consumption
good that comes exogenously in the economy, and she is uncertain about the quantity of

consumption good that will be available in the future. In each period, she observes the
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quantity of received consumption good and she updates her risk perception over future
consumption, i.e. the risk that consumption good tomorrow will be low. Interest rates
at all maturities reflect, in equilibrium, the consumption-saving desires of the consumer.
Intuitively, when risk is perceived to be higher in the long- than the short-run, the agent
would be more willing to invest in short- rather than long-term securities: in equilibrium,
the yield curve is upward sloping. Vice versa, when risk is perceived to be higher in the
short-term, the agent would prefer to hedge against low realizations of consumption in
the near future by demanding long- instead of short-term bonds: this entails the inversion

of the equilibrium real yield curve.

After having explained the basic mechanisms, we extend our model to include infla-
tion expectations. The analysis of the term structure is important from a policy perspec-
tive: for example, it gives insights on the transmission of monetary policy and it provides
signals on the business cycle dynamics, with some studies documenting that the inver-

sion of the term structure is a predictor for future recessions.
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1 Introduction

The inversion of the term structures of interest rates, which happens when short-term
yields are above long-term ones, is an occasional, yet not rare event. Postwar data on US
Government bond yields show that while the term spread - i.e., the difference between
long- and short-term yields - has been positive on average, several episodes of inversion
have also been documented (Figure 1.1).

Nominal yields reflect a real as well as an inflation expectations component. While
the latter is known to play a role in shaping the level and slope of the yield curve, less
evidence is available on the role of the real component. Stylized facts point to the role of
real factors and, in particular, real macroeconomic risk in affecting the term structure of
interest rates: first, data on US TIPS (i.e., inflation-protected securities) from Gurkaynak
et al. (2007, 2010) suggest that real yields fluctuate substantially over time and that the
real term structure of interest rates, as well as the nominal one, became inverted in a few
occasions during the last ten years (see Figure 1.2); second, the slope of option-implied
volatilities in the stock market (proxying long- vs. short-term uncertainty) is positively
correlated with that of the TIPS yield curve, and the two have experienced synchronized
inversions (see Figure 1.3).1

This paper investigates the role of macroeconomic risk in shaping the term structure
of interest rates. For this purpose, we propose a parsimonious consumption-based model
of the term structure that allows for the inversion of its real component. In our framework
the representative agent is subject to time-varying macroeconomic risk and interest rates
at all maturities depend on her risk perception which shape saving propensities over time.
Intuitively, when risk is perceived to be higher in the long- than the short-run, the agent
would be more willing to invest in short- rather than long-term securities: in equilibrium,
the yield curve is upward sloping. Vice versa, when risk is perceived to be higher in the
short-term, the agent would prefer to hedge against low realizations of consumption in
the near future by demanding long- instead of short-term bonds: this entails the inversion
of the equilibrium real yield curve.

Our model builds on the classic endowment economy frameworks of Campbell and
Cochrane (1999) and Wachter (2006). In these models, a representative agent has con-
sumption preferences with respect to a habit level, and variations in the surplus over

habits drive both the desire to smooth consumption over time and a precautionary mo-

IThree out of four episodes of inversion since 2008 are concurrent with inversions in the volatility term
structure; the only inversion of the yield curve that is not matched by that of the volatility term structure
is the one of 2011-2012, which happened during the implementation of the Operation Twist by the Federal
Reserve.
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tive that depends on changes in risk aversion. By inducing opposite consumption-saving
desires, these two forces have opposite effects on the implied equilibrium risk-free rate,
and, potentially, on the slope of the real term structure. Campbell and Cochrane (1999)
offset them to produce a constant risk-free rate, while Wachter (2006) makes the consump-
tion smoothing motive always prevail so that, in equilibrium, the yield curve is always
upward-sloping.

In the two papers mentioned above, the authors assume an exogenous, log-normal
process for consumption growth. With respect to those frameworks, our model features
time-varying volatility of consumption growth and imperfect information. Consumption
growth is a Markov switching process in which volatility varies between two regimes;
agents do not observe the volatility state but infer it from the available draws of con-
sumption. In equilibrium, real interest rates depend not only on the level of consump-
tion with respect to habits, but also on expected volatility in the next period relative to
the long-run average. Indeed, expectations of high consumption growth volatility in the
short-run causes the precautionary motive to prevail: in times of low consumption rela-
tive to habits, this entails a prevailing desire for precautionary savings, while in times of
high consumption, a prevailing desire of borrowing. In both cases, the equilibrium real
yield curve is inverted.

Following Wachter (2006), nominal yields are then constructed by adding an exoge-
nous inflation process to the aforementioned framework. With respect to the real term
structure, the nominal one depends also on nominal factors (i.e., short-term inflation ex-
pectations and inflation volatility) and on the correlation between consumption growth
and inflation. Assuming a negative correlation between the two, inflation volatility adds
to consumption growth volatility as a second source of risk for the agent. The cumulated
perceived risk matters for the slope of the implied equilibrium nominal yield curve in the
same way as consumption volatility risk matters for the real curve.

Our model is mainly inspired by three studies. The key feature of consumption growth
volatility being unobservable and time-varying is taken from Boguth and Kuehn (2013),
who explore the connection between macroeconomic uncertainty and asset prices, finding
that consumption growth volatility predicts returns for risk-exposed firms; the emphasis
on long- vs. short-run risk is in the spirit of Bansal and Yaron (2004), who propose plausi-
ble solutions to asset pricing puzzles based on a persistent component in expected growth
and on fluctuating uncertainty; the role of macroeconomic shocks on the slope of the yield
curve is in line with Kurmann and Otrok (2013), who find that news about future total
factor productivity (TFP) is the main factor behind the inversion of the curve and suggest

that those shocks are linked to consumption growth volatility. Finally, intuitions about
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the connection between interest rates and macroeconomic risk are also in Breeden et al.
(2015). The last paper focuses on the link between the term structure of interest rates and
expected economic growth, also suggesting a role for expected volatilities. However, it
predicts a negative correlation between the slope of the yield curve and that of the term
structure of volatilities.?

Different strands of the literature have investigated the term structure of interest rates,
finding strong links between its slope and macroeconomic dynamics. Some papers pro-
posed multi-factor no-arbitrage models enriched by macro variables (Ang and Piazzesi,
2003; Diebold et al., 2006; Hordal et al., 2006; Rudebusch and Wu, 2008), while others
studied yield curves in consumption-based models with other preference specifications
than “habit” ones (Piazzesi and Schneider, 2007; Rudebusch and Swanson, 2012) or in
production-based frameworks (Jermann, 2013; Chen, 2017; Schneider, 2017). However,
none of them has made a specific focus on the economic factors behind inversions.?
By adding a (latent) state factor to Wachter’s model as a driver of consumer’s volatil-
ity perception, we contribute to the habit literature in one of the directions suggested in
Cochrane (2016).

This paper is organized as follows: Section 2 describes the benchmark model and
presents some empirical findings on the relation between real rates and consumption;
Section 3 describes the model of the real short rate with regime switches in the volatility
of the surplus-consumption ratio and explains the mechanics of the inversion of the real
and nominal term structures; Section 4 describes the empirical analysis and Section 5

concludes.

2 Risk-free rates and consumption growth

In this Section we explain the main arguments that motivate our research. First, we de-
scribe the features of the model proposed by Campbell and Cochrane (1999) (CC hence-
forth), which we take as a benchmark, focusing on the equilibrium risk-free rate; then, we
show that the relationship between real short rates and consumption growth is unstable.

2This comes from the assumption of CRRA preferences; we adopt habit preferences since this last pre-
diction is at odds with the empirical evidence shown in Figure 1.3.

3Chen (2017) proposed a production economy model with external habits that links firm value volatility
(due to high adjustment costs) to risk-free rate volatility. In his model, intertemporal substitution and
precautionary motives cancel out, leading to a moderately upward-sloping real term structure.
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Nominal term spread

Year s

Figure 1.1: Slope of the US Government yield curve: 5-year minus 2-year rates. Monthly averages of
daily data. Sample: June 1961 to March 2017. The yields are taken from Gurkaynak et al. (2007).

Real term spread

Figure 1.2: Slope of the US TIPS yield curve: 5-year minus 2-year rates. Monthly averages of daily data.
Sample: January 2004 to March 2017. The yields are taken from Gurkaynak et al. (2010).
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Real term spread and slope of the volatility term structure

i l = 3y-2y implied volatility
i! —-—- 3y-2y TIPS yield
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Figure 1.3: Slope of the real yield curve (3-year minus 2-year US TIPS yields) vs. slope of the volatility
yield curve (3-year minus 2-year at-the-money implied volatilities from options on S&P500 futures). The
choice of the long-term horizon (three years) is due to option data availability. The values of the two slopes
are set equal to 100 in June 2008. Monthly averages of daily data. Sample: June 2008 to March 2017. The
yields are taken from Gurkaynak et al. (2010).

2.1 Benchmark model

Representative agents have preferences over consumption with respect to a slow-moving

reference level X;, defined as an external habit level:

®  (Cr— X))l -1
E) P
=0 I—o

(2.1)

where f is the subjective time discount factor and < the utility curvature. To capture
the relation between C; and X;, CC define the surplus-consumption ratio as the excess

consumption relative to habits over the consumption level C;:

G =X

St c,

(2.2)
St summarizes all the relevant information on the state of the economy and is the only

state variable of the model. Note that S; € [0, 1]; throughout the paper, we will refer to
bad states as states characterized by low S; and to good states as those with S; close to 1.
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Consumers’ relative risk aversion is time-varying and countercyclical:

24
. 2.3
o= 23)
For a constant v, it falls during booms and increases during recessions.
Consumption growth is exogenous and assumed to follow a random walk
Acii1 = §+ Uy, vir1 ~ N(0,0), (2.4)

In order to ensure that consumption always remains above habits, CC define an exoge-
nous process for the log of the surplus-consumption ratio s; = In(S¢), which they cali-
brate in a way that ensures procyclicality: s; is mean reverting, autoregressive, correlated
to shocks to consumption growth and heteroscedastic, with a positive time-varying co-
efficient A(s;) loading on the innovation to consumption growth®. The term A(s;) is a
sensitivity parameter defined as a square root function of past values of the s; process.
st+1 follows

St41 = (1 — )5+ ¢ps¢ + A(st) (Acry1 — 8) (2.5)

where ¢ is the average growth rate of consumption, ¢ the parameter regulating habit
persistence, and

1 — .
Asi) = V11— 2(s4—35)—1 ifs < sn.mx 2.6)
0 otherwise
1 _
5 Y
S=0 % p (2.8)

As CC show, the functional forms of A(s;) and § = In S are such that: (i) the risk-free rate is
constant; (ii) habit is predetermined at the steady state s; = 5; (iii) habit is predetermined
near the steady state and moves nonnegatively with consumption everywhere’.

Wachter (2006) applies an alternative specification suggested by CC, which verifies
requirements (ii) and (iii) but allows the short-term rate to be a linear function of the state.
The functional form of A(s;) is left unchanged, but S is now calibrated in the following

“We will refer to s; or S; interchangeably as surplus-consumption ratio.
5Habit is a non-linear function of consumption. Around the steady state CC prove that x; = | n(Xy) is
such that

X1 ~ (1- @)% + ¢ + (1 - p)e
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way:

5 _ / r
S = (o) 1—¢——b/’)f (29)

From the Euler equation, the real one-period equilibrium risk-free rate is proportional

to the deviations of s; from 5:

rtpp1 =T —b(st —35) (2.10)
where
i V202
and 5 5
Yo
b=7(1-¢) - 5 212)

Importantly, since {6,7,,0,$} are all constant parameters, it follows that b is constant
over time. The sign of the b term is key to get the relationship between real rates and
surplus-consumption; moreover, it has a clear economic interpretation.

Note that in an asset pricing framework, agents are not allowed to save to shift con-
sumption bundles over time: in equilibrium, asset prices adjust to make them happy
to consume the whole endowment in each period. Intertemporal consumption-saving
preferences are governed by an intertemporal substitution and a precautionary saving
motive. If b > 0, then the intertemporal substitution effect dominates: in good times,
agents are more willing to save than to consume so the risk-free rate is driven down in
equilibrium. On the contrary, if b < 0, then the precautionary motive dominates: in good
times, agents are less risk-averse, so they would like to borrow to consume more today,
driving up the equilibrium interest rate.®

In CC’s framework, b is set equal to 0 to completely offset these two effects. In-
stead, Wachter (2006) parameterizes b as a positive constant, so that the inter-temporal
substitution effect always wins out, entailing a negative correlation between surplus-
consumption and equilibrium interest rates. Note that the b term determines not only
the level, but also the slope of the equilibrium term structure of risk-free rates: if b > 0,
then the dominance of the intertemporal substitution motive is such that, in bad times,
agents value consumption today more than consumption tomorrow and the equilibrium
term structure is always upward sloping.

We now complete a preliminary analysis by taking a closer look at the relationship
between s; and 7444 1.

®In bad times, by contrast, the intertemporal substitution propensity drives the equilibrium interest rate
up, while the precautionary saving motive drives it down.
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2.2 Real rates and surplus-consumption

We have previously said that in standard consumption-based models featuring habit, the
equilibrium real risk-free rate is either constant or a negative function of the surplus-
consumption ratio. Assuming government bond yields in the United States to be risk
free, we investigate this issue empirically by comparing the historical dynamics of the
real rate to that of the surplus-consumption ratio. Real rates - which cannot be proxied by
TIPS in this analysis due to data availability - are estimated as the difference between the
3-month T-Bill rate and 3-month expected inflation, with the latter proxied by inflation
forecasts made from an estimated autoregressive process (see Appendix A for details);
the surplus-consumption ratio is instead constructed as the weighted average of past
consumption growth with decreasing weights, as implied by the model and explained
in Wachter (2006).” Figure 2.1 displays the two series on a quarterly frequency from 1962
to 2014.

Surplus—consumption ratio and the 3-month real rate

surplus-consumption ratio
5 ' ,!I —-—-3-month real rate (estimated)
I I
4 ” il ”

Sl
i
i,
T
] i ' ,‘
| "\
i ‘ 1-[ LA

Figure 2.1: Real 3-month rate and surplus-consumption ratio. The values of January 1962 are set equal
to zero. For the estimation method of real 3-month rates, see Appendix A. The surplus-consumption ratio
is the weighted average of 40 quarters of past consumption growth with decreasing weights, as in Wachter
(2006).

"While surplus-consumption is theoretically influenced by all its own past values, we choose 40 quarters
as the cut-off point. The value of the habit persistence ¢ is as in Table 2. We took this value from Wachter
(2006) after we performed a sensitivity analysis for this parameter.
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A rapid graphical inspection suggests that the co-movement between the two is not
stable over time: the correlation seems positive between the late 1960s and late 1970s, then
turns negative during the 80s and 90s, and is unclear for the rest of the sample. To analyze
this relationship more formally, we estimate a time-varying b by making rolling regres-
sions on a 10-year window of the real 3-month rate on a constant and on our surplus-

consumption proxy. The equation is

0
i1 = ar+br Y A+ e (2.13)

j=1
The rolling estimate is displayed in Figure 2.2. The b coefficient exhibits large time vari-
ations, ranging from significantly negative to positive values. This means that real rates
depend positively on the surplus-consumption in some part of the sample and negatively
in some other parts, a feature of the data which is ruled out in CC’s and Wachter (2006)’s

models.

Rolling estimate of the b coefficient

—_—
1975 1980 1985 1990 1995 2000 2005 2010
Years

Figure 2.2: Coefficient b of regression r; = constant + bs; + error, with 95% confidence bands; the real
rates r; are estimated as the difference between the 3-month T-Bill rate and 3-month expected inflation;
the surplus-consumption ratio s; is constructed as the weighted average of past consumption growth with
decreasing weights
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3 Model

We propose a model that can accommodate the time-varying correlation between the
surplus-consumption ratio and risk-free rates, and evaluate its implications for the slope
of the term structure. First, we introduce a Markov switching process for consumption
growth and derive the pricing equation (Section 3.1); second, we discuss the behavior
of the equilibrium risk-free rate and the equilibrium term structure (Section 3.2); third,
we include inflation to explain the implications of the model for the nominal yield curve
(Section 3.3).

3.1 Markov switching consumption growth and the equilibrium risk-

free rate

For the representative agent, we adopt the same set of preferences as CC and maintain

the same notation throughout the section:

®  (Cr— X))l -1
E:) B
=0 Lt

(3.1)

We assume that, instead of being lognormal, consumption growth is a Markov switching
process, in which volatility switches between two regimes.® Denoting with g the constant
drift, we assume that the process of log consumption growth Ac; is

Acii1 =g+ 07, €41, €41~ N(0,1) (3.2)

with oz, being either 0y, (high) or 07 (low), with 03, > ¢;. Volatility is unobservable, depend-
ing on a latent variable {; indicating the state of the economy. Agents infer the state of
the economy from observable consumption data. Denote by P the transition probability
of being in state j = h,I coming from state i = h, [

P— Phh Phi , (3.3)
P Pu

8Given that the trade-off between intertemporal substitution and precautionary saving motives does
not depend on the drift of consumption growth, to keep the model as parsimonious as possible we do not
impose latent states for it.
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which is given and known to the agents at each point in time; new incoming information
updates the likelihood of each state

f(Act|s =1,X; 1)

17t N f(Act|st = 2, thl)

where X;_; represents all information at time ¢+ — 1. Then, transition probabilities and
updated likelihoods are used to form the posterior probability of being in each state based
on the available data. Call §;;_; € IR? the posterior belief vector at time t — 1, Bayes’ Law

implies that
Crt—1 Ot
Y
G1ls = (&1 ©nt)

where © denotes element-by-element product and 1 is a 2-by-1 vector of ones.

As consumption growth, the surplus-consumption is also Markov switching:

Sty1 = (1 — 4))5 + ¢pst + )\(St)agt+1€t+l (3.4)

where ¢ is the AR coefficient (and the habit persistence coefficient). As in CC, habit is
a slow moving average of consumption growth and is predetermined at and near the
steady state. We keep the same specification for the sensitivity function A(s;) as in CC
and Wachter (2006), i.e. a negative function of s;: the higher the surplus-consumption,
the lower the sensitivity of s to innovations in consumption growth. A(s;) is inversely
proportional to the long-run steady state level S, that is now computed using the uncon-
ditional mean of the stochastic volatility process c* and the steady-state level of the b

5 x Y
=\ 9

parameter, b*:

where

*

" = (o +07)

N =

and b* is such that
77 - b*(Smax - §) == 0

with § = ln(§ ), 7 is the average real risk-free rate and s,y as in Equation 2.7. The latter
Equation implies that, at the steady state, the risk-free rate is non-negative and the term
structure is upward sloping as in Wachter (2006).
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The stochastic discount factor (SDF) is a function of the surplus-consumption:

-
Miga =0 (SE5EL) T = bexp (=1l + (1= )6 =50 + (s1) + D el
(3.6)
Solving for the equilibrium risk-free rate involves the computation of the expectation of
the SDF as a function of the two stochastic components of s;, i.e. {€,{}. After some
algebra, we get

iyl = In 1 Iné+vg—v(1—¢)(st—5) —In E(e 9 ( A (Sf)H]U@tHef“)

Et(e'g) (M11)
3.7)

where the last term on the right hand side is

_lnE(e ) ( v[A (St)+1]0’€t+1€t+1) — _In Z gt+1|t(j)Et(€) <e y[A(se)+1] 0']€t+1|0—€ g = U]/ét—&-l\t)
je{nl}
(3.8)

Equation 3.8 tells that, in a Markov switching world, agents have expectations about the
future draws of consumption - that can be characterized by high or low volatility - and
weight them by the posterior probability (i.e., the belief they have at time #) that such
draws come from a high or a low volatility state.” We interpret this factor as a precaution-
ary saving effect, provided that Equation 3.7 differs from the risk-free rate specification in
CC’s model only for that.!” In the extreme cases in which Ce1)e(on) =001 §ppqp(on) =1,
the formula for the equilibrium risk-free rate collapses to CC’s one.

The previous formula embeds one of the key results of our model: the intensity of
the precautionary saving effect depends not only on the current state of the economy;,
summarized by s;, but also on an agent’s beliefs and, precisely, on the posterior proba-
bility attached to the two volatility states. Assume that ¢; is low enough to let the in-
tertemporal substitution effect dominate on the precautionary saving motive, and let oy,

be high enough to allow for the opposite. The steady state volatility level c* is such that

9Note that the expectation in Equation (3.8) has a closed-form solution. Indeed, Equation (3.8) can be
rewritten as

E(E 7) ( 7[A (Sr)+1]‘7§t+1€t+1) ——1In Z Ct+1\t( )e%(lJﬁA(St))z‘sz
je{nl}

19Tn CC paper the closed-form solution of the risk-free rate is

1

(T
fepr1 =Ino——— = —Ind+ 98+ 7(¢ —1)(st — 5) — 1o (1+A(st))? (3.9)
EyMy 41

2
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0y < 0* < oy, then our model is flexible enough to accommodate both circumstances in
which the intertemporal substitution motive prevails over the precautionary motive and
times in which the opposite happens. In this model, negative rates and a downward-
sloping yield curve appear as a deviation from a positive, upward-sloping steady state.

To summarize, the equilibrium one-period interest rate depends on the combination
of the current state and beliefs over the next period consumption. Indeed, states in which
s¢ is high might no longer be perceived as good states if ¢ is also expected to be high in
the short term: taken s; as given, when &, ,1;(07,) is higher than ¢, 1¢(¢7), the equilibrium
risk-free rate is driven up. Therefore, the combination of high s; and low &, ,1;(c3) defines
good states, while bad states are those with low s; and high ¢ q;(05,). ;11 evolves
based on the updated likelihood of the two states. Agents have imperfect information
on the volatility, so a sequence of large shocks to consumption growth can induce agents
to weight more the high volatility state, while a sequence of small shocks slowly pushes
them towards the low volatility state.

By introducing Markov switching consumption growth, we allow the trade-off be-
tween intertemporal substitution and precautionary saving motives to be endogenous.
The flexibility of this specification allows to match the fact that the correlation between
real short rates and surplus-consumption is time-varying, and provides a rationale for
the periods of positive correlation that appear from the empirical estimation of Equation
2.13.

3.2 The term structure of real risk-free rates

In the previous subsection, we have highlighted the key features underlying this model:
time-varying posterior beliefs allow the inter-temporal and precautionary saving motives
to dominate at different times, also making time-varying the correlation of r; with s;. Let’s
now turn to the pricing of real risk-free bonds with maturities beyond one period to gain
insights into the behavior of the entire term structure of interest rates.

The price at time ¢ of a real bond maturing after n periods (P, ) is computed as the

expectation of the future compounded SDFs until maturity. From the Euler equation:

Pyt = Et [My41Py—1,141]
—E [eln5")’8""‘/(1_‘17)(St_g)_’Y[/\(St)+1]‘7§t+1€t+1Pn

—1,t+1]
= Y Ep (B s A=) ss) =1 s) i p,

= —1,t+1|‘7§t+1 = 0j, Ct+1|t]
je{nl}

(3.10)
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with boundary condition Py; = 1; the yield-to-maturity is

1
Ynt = _E In Pn,t (311)

As described in Equation 3.10, the real bond price is obtained by iterating forward one-
period expectations of the bond price for n periods. While future states of the economy
are not known at time t, agents can only make expectations conditional on the available
information at time ¢. In order to account for all possible future states for both € and the
posterior beliefs ¢ for n periods, the bond price is solved numerically on a grid.

As explained in the previous section, if we assume ¢}, to be high enough to let the
precautionary saving effect dominate, posterior beliefs biased towards o;, are such that
this scenario applies. In these cases, the precautionary saving motive implies agents’
willingness to save long-term, because they know that high volatility states have a lim-
ited duration and eventually return to the low level: in this case, the ‘term structure of
volatility beliefs” is downward sloping. Shifting the saving propensity from the short-
to the long-run implies that the agent would be more willing to hold long- rather than
short-term bonds, therefore in equilibrium short-term securities will pay a premium with

respect to long-term ones, entailing the inversion of the equilibrium yield curve.

3.3 Nominal yield curve

Denote by 71; = InT1; the natural logarithm of the price level and introduce inflation A7t
as a first-order autoregressive, exogenous state process (following Cox et al. (1985) and
Bekaert et al. (2004):

ATty y1 = 1o + PoATT 4 OpnTUt41 (3.12)

Denote also by p the linear correlation between v;,1 and €;11 (i.e., the innovation in
consumption growth). We can prove that the nominal bond price is equal to the expected
discounted nominal payoff:!!

PS, = E; | M} | PS

t+1 n—l,t+1] = P;%(St)eA”JFB”Am (3.13)

11 Appendix B reports the proof of the nominal bond pricing formula.

ECB Working Paper Series No 2141 / April 2018 17



with
F3(st) = EgfefBra=Doaneei My FS_ (s141))]
Aw=Aur+ (B =~ Do+ 5(Buct —1703,(1— )
By = (Bu-1—1)%0

The SDF of the nominal security (M?) is the ratio between the SDF of the real bond and
the one-period gross inflation:

M | = e MM (3.14)

After some algebra, the nominal bond price becomes

Pg,t = const * Z §t+1\t(j)Et(€) [Mt+1€p(B"_171)UM€H1F5—1,1%+1“TCm = 0j, G| (3:15)
je{nl}

with

const — eAn—1+(Bu_1=1)(0+9oAm)+0.5(B,—1-1)%0% - (1-p%)

and
Mg = eln57’)/g+’)/(1*¢)(Sf*g)*’y[)\(St)*Fl]UghLl €11

Note that, by assuming correlated innovations of the two state processes, the expected
value in Equation 3.15 can be expressed as a function of € only. The yield-to-maturity of
the nominal bond is

yh, = —% In P, (3.16)

The nominal bond price has two additional components with respect to the real bond
price: a scale factor that depends on inflation volatility (in const) and an extra term in
the expectation part of Equation 3.15, i.e. exp{p(B;,—1 — 1)0ar€:+1}. The extra term is
key to get the intuition for the role of inflation. This term is a positive function of the
product between p, g (through B) and oa,. If p is negative, as reflecting the existing
negative correlation between consumption growth and inflation (Wachter, 2006), the extra
term adds to the precautionary saving effect in its impact on the level and the slope of
the term structure. Indeed, the agents” desire to make precautionary saving/borrowing
now depends not only on beliefs of the future consumption volatility states, but also
on inflation volatility: the cumulated perceived risk matters for the slope of the nominal
equilibrium yield curve in the same way as consumption volatility risk matters for the real

one. If op is sufficiently high, the nominal yield curve can invert even though posterior
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beliefs are such that the real one is upward sloping.

To complete the description of the model, we also compute the nominal risk premium
up to a constant term, which once again depends on surplus-consumption and agents’
posterior probabilities:

E; (rﬁ’tJrl — r%tH) = const + E; <1n Fj_l(St_’_l)) —InF¥(s;)—
) » (3.17)

— 1= )G —st)+In Y & oqpp(f)e2 Y MEHoGmpoar)
je{nl}

The proof of Equation 3.17 is in Appendix C.

4 Empirical analysis

This section covers the application of the model described in Section 3 to US consumption
and inflation data. The estimation of the parameters of the Markov switching process
is carried out in Section 4.1. We then solve the model and discuss the behavior of the
slope of the term structure in Section 4.2. Finally we simulate from the model and report

descriptive statistics in Section 4.3.

4.1 Parameter estimation

We estimate the parameters of the Markov switching model by maximum likelihood.
Real per capita consumption expenditures on nondurable goods and services are taken
from the US Bureau of Economic Analysis. Following Yogo (2006), we restrict our sample
to post-1952 data to exclude the exceptionally high consumption growth that followed
World War II. The results are reported in Table 1, Panel A; sample data are from 1952Q1
to 2016Q3.

Average consumption growth is estimated at 0.49 per cent per quarter, while volatility
equals 0.22 per cent in the low state and 0.56 per cent in the high state (i.e., the latter is
2.5 times higher than the former). The low volatility state is slightly less persistent: the
probability that current high consumption growth volatility persists in the next period is
0.93, while for the low volatility state this probability is 0.88. Consumption growth and
posterior probabilities are depicted in Figure 4.1.

Data on the monthly CPI index are taken from the Bureau of Labor Statistics database;
inflation is constructed as quarter-on-quarter log returns, where quarterly CPI are values

of the last month of the quarter. Estimates of the three parameters of the AR(1) process for
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Panel A

Ac p 0} O P Phh
0.491 0223 0556 0.884 0.930
(0.029) (0.014) (0.045) (0.280) (0.284)

Panel B

A 1o o OAn
0.265 0.696 0573
(0.058) (0.036) (0.035)

Table 1: Parameter estimates of the consumption growth and inflation processes. The values are shown
in percentage points. Non-annualized quarterly growth rates of consumption are computed using data on
real consumption expenditures on nondurable goods and services taken from the US Bureau of Economic
Analysis; inflation is constructed as quarter-on-quarter log returns, where quarterly CPls are values of the
last month of the quarter. CPI data are from the Bureau of Labor Statistics.

0.03 Real per capita consumption growth

0.02

0.01

-0.01 4

-0.02 maTEEE amaa e amaa T T e A

Years
%1073 Conditional standard deviation of consumption growth

Figure 4.1: Output of the Markov switching estimate. Top panel: real per capita consumption growth.
Bottom panel: expected volatility of consumption growth.
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inflation are reported in Table 1, Panel B. As functions of those parameters, the long-term
mean of the autoregressive process is 0.87 per cent, and its standard deviation is 0.64 per
cent, higher than the volatility of consumption growth in the high state. The correlation

with consumption growth is estimated at -0.11.

4.2 Model solution

We compute nominal and real bond prices numerically using the series method of Wachter
(2005); for this purpose, a quadratic grid constructed as the combination of one grid for
st and one for &, q|; is employed. Figure 4.2 shows equilibrium real yields in the extreme
cases in which the agent perceives with certainty a low or a high volatility in the short

term (left and right panel, respectively).

Low Volatility
T

High Volatility

0.1 0.04

0.02 [

-0.02

0.07 [

8 8 3m yield
g G -0.04 4 .
> > —e— 5y yield
0.06
-0.06
0.05
-0.08 -
0.04 01
0.03 ! ! ' -0.12 ! ' !
0 0.01 0.02 0.03 0.04 0 0.01 0.02 0.03 0.04
Surplus Consumption Surplus Consumption

Figure 4.2: Continuously compounded yields on real bonds as a function of the surplus-consumption
ratio, implied by the posterior probabilities P(c = 03,) = 0 (left panel) and P(¢c = 0,) = 1 (right panel) and
the parameters in Table 1 and Table 2. Black line: 5-year real yields; grey line: 3-month real yields.

In the low volatility case, short-term real yields are a decreasing function of the surplus-
consumption ratio: real short rates are countercyclical (left panel); moreover, the 5-year
yields are always above the 3-month yields, i.e. the equilibrium real term structure
is upward sloping for all values of the surplus-consumption ratio. On the contrary, if
agents think that in the short-term the volatility of consumption growth will be high (high
volatility case, right panel), the precautionary saving motive always prevails: short-term
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real yields are procyclical and the real term structure is inverted for all values of S;. Note

that the model can account for negative real rates.

Real bond yields
T

0.1 T T

0.05 -

3m yield
—e— 5y yield

Yields

-0.05

0.15 | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Probability of low short term risk

Figure 4.3: Continuously compounded yields on real bonds as a function of the posterior probability to
be in the low volatility state in the short term implied by the parameters in Table 1 and Table 2. Black line:
5-year real yields; grey line: 3-month real yields.

Figure 4.3 shows how short- and long-term real yields change as a function of the
posterior probability of being in the low volatility state (P(c = 07)) for a given S;. Both
short- and long-term real yields increase with the probability of a low volatility state. The
term structure is inverted when the high volatility state is perceived to be more likely
(ie., P(c = 07) < 0.5)), while it is upward sloping in the opposite cases; the threshold
value of the probability for which the term structure is inverted depends on the level of
surplus-consumption.

We now focus on the nominal curve, studying its sensitivity to the perceived consump-
tion growth volatility across different calibrations of the long-term mean of the inflation
process. Figure 4.4 depicts short-term nominal and real yields as a function of the surplus-
consumption when the agent expects a low volatility state (left panel) or high volatility
state (right panel). We can see that the results on the real risk-free rate carry over to the
nominal risk-free rate. Note that nominal yields are always above real yields due to the
effect of expected inflation. Figure 4.5 displays 3-month and 5-year nominal yields for
different levels of expected inflation when the agent expects a low volatility state (lower

panels) or high volatility states (upper panels). We consider expected inflation equal to its
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Figure 4.4: Continuously compounded short-term yields on real and nominal bonds as a function of the
surplus-consumption ratio implied by the posterior probabilities P(c = 03,) = 0 (left panel) and P(c =
0,) = 1 (right panel) and the parameters in Table 1 and Table 2. Black line: 3-month nominal yields; grey
line: 3-month real yields.
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Figure 4.5: Nominal continuously compounded bond yields as a function of the surplus-consumption
ratio implied by the posterior probabilities P(c = 03,) = 1 (upper panels) and P(c = 03,) = 0 (lower panels)
and the parameters in Table 1 and Table 2, for different values of expected inflation: long-term expectation
(middle panels), long-term expectation minus and plus two standard deviations (left and right panels).

Black line: 5-year nominal yields; grey line: 3-month nominal yields.
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long-run mean (0.85 per cent, middle panels), and to plus and minus two unconditional
standard deviations (right and left panels, respectively).

The equilibrium nominal yield curve is very sensitive to changes in expected infla-
tion. If the agent expects low volatility (lower panels), the higher the long-term inflation
expectations, the smaller the difference between long- and short-term yields; in the case
of high inflation expectations (lower right panel), this difference is zero or negative for
all the levels of surplus-consumption. Provided that inflation expectations are mean re-
verting, variations in short-term yields are primarily responsible for the inversion. This
is consistent with the mechanics explained, in a different setup, by Kurmann and Otrok
(2013). If, instead, the agent expects high volatility states (top panels), the nominal yield
curve is inverted for all values of the surplus-consumption ratio, except in a few cases
in which expectations are deflationary and surplus-consumption is high; moreover, the
higher long-term inflation expectations, the larger the gap between long- and short-term
yields (top panels, from left to right). This suggests expected inflation is an important
driver of the inversion of the nominal term structure.

4.3 Simulation

In order to match the slope of the term structure of nominal interest rates observed in the
US market during the sample period, we simulate 100,000 observations of quarterly con-
sumption growth and inflation. The model is calibrated using the parameters in Table 1
and Table 2. Mean and standard deviations of 3-month, 1-year, 3-year and 5-year yields
are reported in Figure 4.6.

The model-implied values are very close, on average, to the observed ones. 3-month
nominal yields implied by the model are equal, on average, to 5.10 per cent, while the ob-
served ones average at 4.80 per cent; 5-year model-implied and observed nominal yields
are equal to 5.89 and 5.91 per cent, respectively. The average positive slope of the time se-
ries is therefore matched. Since it is outside of the scope of the paper, we did not include
time-varying volatility of inflation in the model; as a consequence, simulated yields are

less volatile than market ones.

5 Conclusion

In this paper we propose a consumption-based asset pricing model that allows both the
nominal and the real term structure of interest rates to became inverted. The main in-

gredients are time-varying volatility of consumption growth and imperfect information.
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Parameters Value

Utility Curvature 2.00
Habit persistence ¢ 0.97

Derived Parameters

Discount rate ¢ 0.95
Long-run mean of log surplus consumption 5 -3.81
Maximum value of log surplus consumption s,z  -3.31

Table 2: Assumptions on the parameters of the investor’s utility function. The independent parameters
(first panel) are set as in Wachter (2006). The second panel gives the derived parameters. The long-run
mean of log surplus-consumption, § = In(S;) in as in Equation 3.5, with b = 0.0197 consistent with a risk-
free rate of 3.93%, i.e. the average real rate in our sample. The discount rate J is determined so that, at the
steady state, the model-implied nominal risk-free rate equals the one observed in the data. The maximum
surplus-consumption ratio is set as in Equation 2.7.

=—eo—model

e data

0 2 4 6 8 10 12 14 16 18 20
Maturity (Quarters)

Figure 4.6: Means and standard deviations of continuously compounded zero-coupon bond yields in the
model and in the data. 3-month, 1-year, 3-year and 5-year implied yields are compared with data from
1952Q1 to 2016Q3.
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Agents form posterior beliefs over future states of the economy. A high expected risk in
the short term makes a risk averse agent shift her saving propensity from the short- to the
long-run, implying that she would be more willing to hold long- rather than short-term
bonds and entailing the inversion of the equilibrium yield curve.

The proposed stochastic discount factor could, in principle, be used to price other
types of assets. The impact of macroeconomic risk on equity pricing is investigated by
Lettau et al. (2008), among others. The application for corporate bond pricing or deriva-
tive pricing can be one avenue of future research. This model is designed for default-free
economies: another interesting avenue of research could be that of investigating the evo-
lution of a bond term structure containing a risk premium related to the default of the
bond’s issuer. Equilibrium yield curves of different countries with different default risks
could in this way be compared.
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A Market-implied real interest rates

Professional forecasters only started to produce estimates of CPI inflation expectations
in the early 1980s, so these cannot be used to retrieve real rates (by subtracting inflation
expectations from nominal rates) before that date. We follow instead the procedure pro-
posed in Chapter 3 of April 2014’s World Economic Outlook published by the IMF: inflation
expectations are computed as out-of-sample forecasts from a simulated autoregressive
process of inflation. In this way we can estimate real rates for the whole sample (up to the
1960s).

Denoting P; the monthly consumer price index at time ¢, an autoregressive model with
12 lags (AR(12)) is fitted on the variable ¢ = InP; — InP;_1,; the estimation is carried out
on a rolling window of 60 months to mitigate the effect of parameter instability. Model-
based inflation expectations for horizon j are computed using out-of-sample forecasts of
7t- Real rates are then recovered as

n
Tnt = ”E,t - % ;gZEtnt,t—&—l

where 7;,; and rﬁ/t are the real and nominal rates at time ¢ on a bond with maturity #,
E;77; 44 is the inflation expectation at time  for period t +i and g = (1 + 7%)~7, with r$
being the average nominal rate. The real rate is therefore equal to the nominal rate minus
a weighted average of the inflation expectation over the entire life of the bond.

B Pricing of real and nominal bonds

Let P,; denote the price of a real bond maturing in n periods, and P,f/t the price of a
nominal bond. Prices are computed as expectations of the future compounded SDFs until
maturity.

The real price is determined recursively from the Euler equation (3.10) with boundary
condition Py = 1. Note that P, ; is a function of the posterior probability ¢; ;;. We solve
for these functional equations numerically on a grid of values for the state variable ¢, ;.

Conditional on ¢, 1, the price of the bond is a function of s alone, so equation (3.10) can
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be rewritten as

Cio1 Si41 -
Py = E; [5 (é—tg—t) Pn—l,t—i—l]

= E¢ [Mi41Py—1,44+1]

= ) Ce(NEMena Poy i log,., = 0, 8piyl
et}

= Y & ()Efemo st )T M) el p
je{nl}

“1t4+1[07,., = 03,81y

The last expectation can be solved using numerical integration on a grid of values for s;,

conditional on being in state j.

Analogously, the nominal bond price is equal to the expected discounted nominal

payoft:
I

P, = By LS

Ht—H n—1,t+1] (B'l)

In order to compute the nominal bond prices we introduce inflation as an additional
state variable. Using the law of iterated expectations and conditioning on realizations of

the shock to the level of the consumption growth, we can prove that
P, = F3 exp{Au + ByAm;} (B.2)
with

Fit = E¢[M;;1 exp{p(By—1 — 1)UAn€t+1}PE,1,t+1]
Ay = A, 1+ (By_1— 1)1 +05(B,_1 —1)%0% (1 —p?)
Bn - (anl - 1)4)0

The boundary conditions are F& ;=1,A0=0,and By = 0.

The proof is by induction. Suppose equation (B.2) is true for PS Then, from the

~1t+1°
Euler equation it must be that

I1;
g
= Et[M;1 exp{—10 — YoATTt — OazVs41 + Ap—1 + Bu_1(10 + oA + UAnUtH)}F,f_UH]
= exp{An_1 + (By—1 — 1) (10 + $oAT) }Et[My 1 Fe_ g exp{(By—1 — 1)0an0t41}]

P,f/t = E¢[M;1q 1 exp{A,1 + Bn—lAnn+1}FrEzBfl,t+1]
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If we use the law of iterated expectations twice and condition on ¢y, that is the poste-
rior probability at time t + 1, and then on €1, that is the error on the level of consumption

growth we have

PE,t =exp{A,_1+ (Bp_1— 1) (1o + PoAm:)

Y. G (DEAMiaFy g exp{(Bu1 — 1)opr0is1 Hog,, €141, 07,1 = 0 Erpa)d]
jetnl}

given that
(By—1—1)oan0vsy1|ojeri1 ~ N(o(Byu—1 — 1)oar€ri1, (Bu1 — 1)%03.(1—p%))
we have

Ps,t :exp{An—l + (Bn—l - 1)(770 + IPOATCt) + O'S(Bn—l - 1)20%71(1 - .02)

Y §t+1|t(]')Et[Mt+1F;f_1,t+1 exp{p(By-1— 1)0an€r1}log,., = 0j,Cria)s]
e

Therefore, equation (B.2) is satisfied with

Fi(st) = Et[Myy1exp{p(By_1 — 1)0ar€rs1 }Fr_; 1 11]
Ap = Ay 1+ (By1 — 1o +0.5(B, 1 —1)%03 (1 - 0?)
Bn - (Bn—l - 1)‘/)0

C Nominal risk premium

Let’s compute the nominal risk premium

$ $
Ey (rn,t—H - rl,t—l—l) (€D
Using formula (3.13) we have that

E; (ri/t +1> ~ E, <1n FS (s141) + An_t + Bu1 A7y — InES(s) + A + BnAm) -

= cost + E; <ln Ff_l(stﬂ)) —InF¥(s;) + By_1(n0 + WoAm;) — ByAmy =
Et(AT[tJrl)

= cost + Ey (ln Fsil(5t+1)> —InF(st) + oA
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where the last equality comes from B, = (B,_1 — 1)y.

For the second term, we know that r? 1 =1/ ln(M$

t+1) and

—E, [e—(170+1/J0Am+t7Mvt+1)eln5*7[8+(1*4’)(5_*St)+(7\(5t)+1)0gt+1€t+ﬂ]

Using the same methodology that we applied for the formula of the nominal bonds, we
have

Ei(MS,) = exp(Ing — (g + (1 - $)(5 1)) — 10 — oA + 0503 (1 — 7))

Y Ziii(j) exp(0.5(—y(A(st) + 1)0j — poaz)?)
jelll}

SO
r%t—&-l =1/ ln(MfH) =
= —Iné+7(g+ (1= 9)(5—st)) + 10 + YoA7T: — 0.503 (1 — p?)) —

- 1“( {Z }§t+1t(f) exp(0.5(=(A(st) +1)oj — P‘TAn)z)>
jelhl

Therefore the nominal risk premium is

E; (ri’tﬂ - rﬂitH) = cost + E; (ln Fs_l(SH_l)) —InF¥(sy)—
=@ =) +In( T i) exp(0S(—7(A(s0) + 1)y — poar)?))

je{n}
(C.2)
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